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The results in our previous paper were obtained by calculating CM in various cohomology theories singular, tech, and de Rham. In the present work we obtain further information by relating CM to the cohomology of the algebraic hull A(r) of r in Aff(E). Our general theme is to relate geometrical properties of M to algebraic properties of A(r). For example the main conjecture states that completeness, a geometrical property of M, is equivalent to the condition that A(r) preserve volume in E.
Many other properties of M can be described in terms of A(r). Thus r is solvable when the algebraic group A(r) has the same property. It turns out that this condition brings us closer to affirming the main conjecture. PROPOSITION (The solvable rank is the minimum sum of the ranks of the abelian quotients in a composition series. For example, the hypotheses of (b) are satisfied if M is homotopy-equivalent to a solvmanifold.)
One of the main components of the proof of Proposition S is the following result: PROPOSITION T. Let M be a compact affine manifold. If M is complete, or if M has parallel volume, then A(r) acts transitively on E.
As an immediate corollary we obtain PROPOSITION F. If M is as in Proposition T and is connected, then every rational function on M is constant.
By a rational function on M we mean a function defined in a dense open set, which appears rational in every affine coordinate chart. Equivalently, such a function corresponds via the developing map (from the universal covering of M to E) to a rational function on E which is fixed by A(r). In a similar way one defines polynomial functions (and more generally tensors) on M. It is unknown whether any compact affine manifold can support a nonconstant polynomial function. In dimension three this cannot happen (D. Fried [9] , W. Goldman [19] ).
For certain classes of affine manifolds, transitivity of A(r) is sufficient for completeness. These include homogeneous affine manifolds, manifolds admitting rational Riemannian metrics, and, more generally, affine manifolds whose developing maps are covering maps onto semialgebraic open sets.
Our methods give a geometric proof of the following result of J. Helmstetter [25] , which is related to the main conjecture: PROPOSITION H. A left-invariant affine structure on a Lie group G is complete if and only if every right-invariant volume form on G is parallel.
Our results also apply to manifolds which are not assumed to be complete or to have parallel volume. The basic strategy is to derive a lower bound for the dimensions of the orbits of A(r) from knowledge of some cohomologically nontrivial exterior form on the manifold; a parallel volume form is a special case. When r is nilpotent we use this method to strengthen some of the results of Fried It seems reasonable to conjecture that a similar picture holds more generally, say for r solvable. This has been verified for the special case that M has dimension three and solvable fundamental group (Goldman [19] ).
By explicit example we show that condition (a) of Proposition N does not hold for arbitrary algebraic subgroups of the affine group. In this way condition (a) can be used to exclude certain subgroups of Aff(E) from being holonomy groups of compact affine manifolds. More precisely we exhibit algebraic subgroups of Aff(E) which act transitively on E and do not contain any such holonomy groups.
The proofs of these results heavily use the structure theory of nilpotent affine groups which is developed in our previous paper [13] . The unique smallest-dimensional orbit of the algebraic hull is proved to be an affine subspace Eu, coinciding with what we called the Fitting subspace in [13] . This subspace is characterized as the unique r-invariant affine subspace upon which r acts unipotently (i.e. the linear part L(r) c GL(E) is a group of unipotent linear transformations). The dimension of Eu is a measure of completeness of the affine structure, because the corresponding power of the radiance obstruction is a cohomological invariant whose nonvanishing expresses an algebraic condition akin to parallel volume. We shall call the restriction of r to Eu the Fitting component of the holonomy group of M. A necessary condition that a unipotent affine action of a finitely generated group G be a Fitting component of the holonomy of a compact manifold is that the action be syndetic on all of E, i.e. that there exists a compact set K c E such that GK = E. Not every syndetic unipotent affine action can be realized as the Fitting component of a nilpotent holonomy group of a compact affine manifold: (It follows that the finitely generated discrete subgroup consisting of integral matrices does not contain the holonomy group of any such manifold.)
The outline of this paper is as follows. §1 is an exposition of the cohomology theory of Lie algebras, Lie groups and algebraic groups as it relates to affine actions and radiance. The main result we use is a theorem of Hochschild [29] which identifies the algebraic cohomology of an algebraic group as the space of invariants (under a Levi subgroup) in the Lie algebra cohomology of its unipotent radical. From this we deduce our main technical result: PROPOSITION G. Let G be an algebraic subgroup of Aff(E). For x E E, the dimension of the G-orbit of x bounds from above the degrees of nonvanishing powers of the radiance obstruction of G.
In an appendix to §1 we give an account of left-invariant affine structures on Lie groups. While most of the results detailed there are known in more general contexts by the work of Helmstetter and others, our treatment is considerably more geometric. We have included these results since they provide beautiful examples of affine structures, whose homogeneity makes them particularly understandable.
§2 resumes the study of compact affine manifolds. Using Hochschild's theorem, we show how parallel volume implies the transitivity of the algebraic hull. From this we deduce several corollaries: Markus' conjecture for affine structures which are homogeneous or have rational Riemannian metrics, nonexistence of rational functions, upper bounds on the degrees of polynomial tensors, etc. The basic fact we use is the following corollary of Proposition G: PROPOSITION M. Let M be an affine manifold. If there exists a parallel kform on M which has nonzero cohomology class, then every orbit of the action of the algebraic hull A(r) on E has dimension > k. § §3 and 4 discuss affine manifolds with solvable and nilpotent holonomy respectively. The partial results on Markus' conjecture use a well-known (but not as well-documented) lemma on representations of solvable groups, which may be found in [11] (which is based upon the treatment in Raghunathan [42] ). The results in §4 on nilpotent holonomy depend on previous results proved in [13 and 23] . ACKNOWLEDGEMENTS. This paper has its roots in our collaboration with D. Fried, which in turn is based upon unpublished work of J. Smillie. We are grateful to them for many helpful conversations. Discussions with G. Hochschild and C. Moore on algebraic groups have been crucial to this work. We are grateful to J. Helmstetter, and the late J. Vey for helpful suggestions and for describing their results to us. Conversations with G. Levitt on foliations have also played an important role in the development of the ideas here.
1. Affine representations of Lie groups, Lie algebras and algebraic groups.
1.1 As usual E is a finite-dimensional real vector space and GL(E) (respectively Aff(E)) is the group of all linear (resp. affine) automorphisms of E. The Lie algebra gl(E) of GL(E) consists of all linear vector fields E aijxi@/0xj, while the Lie algebra aff(E) of Aff(E) consists of affine vector fields ,(aijxi + bj)a/0xj (aij, bj E R) . The canonical homomorphism L: Aff(E) ) GL(E) induces a Lie algebra homomorphism, denoted L: aff(E) gl(E), whose kernel consists precisely of the parallel vector fields E bj@/@xj. If X E aff(E) as above, then the translational part u(X) is the unique parallel vector field which agrees with X at 0, namely E bj0/@xj. . If E is a g-module and c E H1(g;E) is a cohomology class (i.e. a radiance obstruction of an affine representation), then we inductively define An( c) to be the image of (c, An-1 c) under the cohomology pairing H1(g;E) x Hn-1(g;An-1E) ) Hn(g;AnE) induced by the pairing of g-modules E x An-1 E ) An E.
1.6 Everything we have said concerning Lie algebras is an infinitesimal version of analogous statements about Lie groups. An alternative approach is to work in the differentiable cohomology of G (which is the same as the continuous cohomology of G) and then pass to the Lie algebra by differentiating cocycles on G. Since it is easier to compute with Lie algebra cohomology, instead we define the radiance obstruction ca of an affine representation ca of a connected Lie group G to be the radiance obstruction of the corresponding affine representation of its Lie algebra (the latter representation being also denoted by oe).
The following basic fact (which motivated this section) illustrates the usefulness of using the cohomology of g to linearize questions about G: is injective and its image is the space of R-invariants in Halg (U; V) H* (ll; V) where E1 is the Lie algebra of U. In 02 these results will be applied to compact affine manifolds. 
We apply this cohomology theory to affine representations as follows. Let E be, as usual, a vector space. The group Aff(E) is a linear algebraic group via the embedding J: Aff(E) > GL(E @ R). The translational part u: Aff(E) > E is a regular map which is a cocycle with values in the linear representation L: Aff(E) ) GL(E); hence u is an algebraic 1-cocycle on G with values in the Aff(E)-module E. More generally, if G c Aff(E) is an algebraic subgroup, its translational part u: G ) E is an algebraic cocycle. We call its cohomology class [u] E H1lg(G; E) the (alge-

PROOF. The implications (b)>(a), (b)>(e), (d)>(c), and (g)$(f) are all obvious. We prove (a)>(b). Decompose A(r) = uA(r) >< R, where R is reductive; thus R fixes a point x E E. Now E = A(r)x = UA(r)Rx = UA(r)x, whence UA(r) acts transitively. Thus (a)$(b). Similarly it follows that (f)>(g). Next we prove (a)>(c). Suppose V is a r-invariant proper algebraic set in E.
To prove (c)$(d), let S c E be a proper r-invariant semialgebraic set, with frontier (in the Euclidean topology) fr(S) = cl(S) -int(cl(S)); note fr(S) is nonempty.
We claim: fr(S) is contained in a proper algebraic set V c E. To this end let P, Q, R be finite sets of nonconstant polynomials E > R such that V is defined by the conditions p > 0, q > O, r = 0 for p E P, q E Q, r E R. If R is nonempty, then take V defined by the equations r = 0 for r E R. Otherwise, when R is empty, the variety V defined by V = U{U-1(0): f E P U Q} is easily proved to be proper and to contain fr(S).
Suppose now that S, and thus fr(S), is r-invariant, and let V be as above. Then S c W = 0{^yV:^y E r} is a proper and r-invariant algebraic set; therefore (C)$(d).
Next we prove (e)>(b). Suppose that UA(r) does not act transitively on E. By a well-known result of Kostant and Rosenlicht (see Rosenlicht [43] Using a similar argument, if G is a connected k-dimensional subgroup of a simply transitive affine action H c Aff(E), then equality holds in (*), i.e. /\kc0 7& O; however we shall not need this result.
In general, however, the inequality (*) will be strict, even for transitive unipotent affine actions on R3. G E This example also shows that in contrast to affine structures on compact manifolds, where it is conjectured that parallel volume implies completeness, it is possible for a left-invariant affine structure to have parallel volume and be incomplete. In the other direction, a left-invariant affine structure which is complete does not necessarily have parallel volume. Let G2 be the subgroup of Aff(R2) consisting of affine maps of the form es 0 t We shall give one and a half proofs of Helmstetter's theorem: one proof of the "if" assertion based on 1.6, and a more geometric version of Helmstetter's original proof.
commutes. Letting e E G be the identity element, we see that dev coincides with the evaluation ma? of oe at dev(e). Since dev is an open map, the developing image dev(G) is an open set. Evidently oe(G) acts transitively on dev(G), so that dev(G) is an open orbit of oe(G)
1A.6 Suppose that G is a Lie group with left-invariant affine structure. Using 1.6, we show that if right-invariant volume forms are parallel, then G is complete. We may assume that oe: G > Aff(E) is the affine representation corresponding to left-multiplication and that oe is locally simply transitive at the origin 0. Let WE denote a parallel volume form on E; the hypothesis that "right-invariant volume forms are parallel" is equivalent to the assertion that the volume form WG = dev*wE is right-invariant on G. We must show that G acts simply transitively on E. Since G already acts locally simply transitively on E, it will suffice to show that G acts transitively on E. By 1.6 it is enough to show that the top power /\n C; of the radiance obstruction is nonzero, where n = dim G.
The To show that /\nc0 is nonzero, consider the pairing H°(0;/\nE* X R)i) x Hn(0; /\n E) > Hn(0; R)i) induced by the coefficient pairing (/\n E* X R), x /\n E > R)i. Then the image of (WE) /\n C0) is the cohomology class of the pullback AJG in Hn(0; R)i). By Koszul's theorem, this class is nonzero; hence /\n C0 7& O, whence G acts transitively. Thus G has a complete affine structure.
1A.7 One defect of this proof is that it gives no information in the case that the affine structure is incomplete. In Helmstetter's original proof Theorem 1A.5 is deduced from a result showing a close relationship between the growth of volume under right-multiplication and the geometry of the frontier of the developing image. Our efforts to understand fIelmstetter's proof led us to the following geometric In the converse direction it will be useful to complexify. Namely if oe: G > Aff(E) is locally simply transitive at 0 E E, then the complexified representation °ec: Gc AffC(E X C) is also locally simply transitive at 0 (see 1.13 ). Suppose G acts simply transitively on E. Then by 1.11, Gc acts transitively on E X C. In particular Gc must act simply transitively on E X C. Applying 1A.8 to the induced complete left-invariant complex affine structure on Gc, we see that the polynomial fc: E X C > C has no zeros, and hence is constant. The proof of 1A.5 is complete. Q.E.D.
2. The algebraic hull of the holonomy group of a compact affine manifold.
2.1 Let M be a compact affine manifold with a fixed universal covering p: M M, and let gr = gr1(M) be the group of deck transformations. Let dev: M > E be a fixed developing map with holonomy homomorphism h: Tr > Aff(E). Let r = h(;r) c Aff(E) be the affine holonomy group and A(r) its algebraic hull in
Aff(E). We denote the unipotent radical of A(r) by UA(r).
The main result of this section applies Theorem 1.6 to affine structures on compact manifolds. Since M is compact with parallel volume, 2.5 implies that UA(r) acts transitively. We now show G acts transitively: let y E E be a fixed point of the reductive group R; since q>(g)y = g-ly for g E G, Gy = uA(r)y = E. It follows that dim G = dimE. Since E is simply connected, each isotropy group is trivial. Thus G acts simply transitively.
The affine tangent bundle Taff(M) of M (as described in Goldman and
It is easy to see that M must now be complete. For example, we may find a G-invariant, and hence r-invariant, Riemarlnian metric 9E on E which defines a Riemannian metric 9M which is complete. Since dev: M ) E is a local isometry between P*9M and 9E, it is a covering map onto E. Therefore M iS complete. Q.E.D. G is unipotent then so is A(G) . If G acts syndetically so does any group containing G. Thus we may replace G by A(G) and assume G is an algebraic unipotent subgroup of Aff(E). We must show that G acts transitively.
If dimE = 1, then G is a nontrivial group of translations so A(G) is the full group of translations. Hence the lemma is true when E is 1-dimensional.
Inductively assume that 4.7 has been proved for E having dimension less than n. Suppose that E has dimension n and G c Aff(E) acts unipotently and syndetically. Since G acts unipotently it preserves a parallel 1-form, i.e. there exists a linear functional 71: E R such that for each g E G, the expression v(g) = 71(g(x) ) -71(x) is independent of x E E. One sees easily that v: G R is a homomorphism. Furthermore v: G R is surjective: for otherwise 71 would be G-invariant, contradicting syndeticity. The kernel Kerv = G1 is a subgroup which acts on the hyperplane E1 = 71-1(0) Choose a right-inverse ,u: R G to v: G ) R.
Let K be a compact fundamental set for the action of G on E, i.e. E = GK. Let K1 = U{U(t)K n E1: t E R}. We show that K1 is compact and GlK1 = E1. Since K is compact the set of t such that K intersects ,u(-t)El is a compact set of real numbers; thus the set of all t E R such that ,u(t)K n E1 is nonempty is compact. Hence K1 is compact. Furthermore GlK1 = G1,u(R)K n E1 = GK n E1 = Therefore G1 acts syndetically on E1 with fundamental set K1. 
